The recent discovery of topologically protected surface states in the noncentrosymmetric α-BiPd and the centrosymmetric β-Bi2Pd has renewed the interest in the Bi-Pd family of superconductors. Here, we employ first-principles calculations to investigate the structure, electronic, and topological features of β-Bi2Pd, in bulk and in thin films of various thicknesses. We find that the Van der Waals dispersion corrections are important for reproducing the experimental structural parameters, while the spin-orbit interaction is critical for properly describing the appearance of topological electronic states. By increasing the thickness of the slab, the Dirac-cone surface states and the Rashba-type surface states gradually emerge at 9 and 11 triple-layers.
I. INTRODUCTION
The prediction and discovery of topological insulators (TIs) [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] have triggered the quest for other classes of materials that host exotic quantum states, such as topological superconductors [14] [15] [16] and Weyl [17] [18] [19] [20] [21] , Dirac [22] [23] [24] [25] [26] , and nodal-line [27, 28] semimetals. Similar to TIs, topological superconductors (TSCs) are characterized by a full paring gap in the bulk and topologically protected gapless states on the edge or surface that can support massless Majorana fermions [14, 15, [29] [30] [31] . These exotic states may find promising applications in spintronics and quantum computing [32, 33] .
Although numerous materials have been identified as TIs, only a handful of systems have been found to exhibit the signatures of topological superconductivity. The proposed candidate TSCs have been realized by introducing carriers into topological insulators, such as Cuintercalated Bi 2 Se 3 [34] [35] [36] [37] and In-doped SnTe [38] , or by applying pressure to topological parent compounds, such as Bi 2 Te 3 , Sb 2 Te 3 , and Bi 2 Se 3 [39] [40] [41] [42] . More recently, two members of the Bi-Pd family of superconductors have been found to exhibit topologically protected surface states with Rashba-like spin splitting. While the superconducting state of noncentrosymmetric BiPd appears to be topologically trivial [43] [44] [45] , the pairing symmetry of centrosymmetric β-Bi 2 Pd remains to be elucidated [46] [47] [48] [49] [50] [51] [52] . Despite the fact that spin-and angleresolved photoemission spectroscopy (ARPES) has revealed the presence of notrivial surfaces states at the Fermi level [46] , no Andreev bound states associated with Majorana fermions have been observed in pointcontact spectroscopy [48] . On the other hand, according to a recent scanning tunneling microscopy study, Majorana zero modes have been identified in β-Bi 2 Pd crystalline films [52] . Along with the recently discovered PbTaSe 2 superconductor [27, 53, 54] , β-Bi 2 Pd constitutes a promising candidate for the long-sought stoichiometric TSC (i.e, a three-dimensional TSC realized in the absence of any external factors such as doping or pressure).
In the present work, first-principles calculations are carried out to systematically study the thicknessdependent evolution of the electronic structure and topological properties in β-Bi 2 Pd thin films. The bulk material has a layered structure consisting of stacked BiPd-Bi triple layers (TLs). Owing to the weak coupling between two adjacent TLs, it has been possible to achieve TL-by-TL growth of β-Bi 2 Pd thin films using molecular beam epitaxy [52] . This technique has also been used to grow high-quality thin films of Bi 2 Se 3 , Bi 2 Te 3 , and Sb 2 Te 3 of various thicknesses by precisely controlling the growth conditions [55] [56] [57] . In addition to the electronic properties of thin films, we also investigate the effect of van der Waals (vdW) and spin-orbit interaction (SOI) on the structure and the band dispersion of bulk β-Bi 2 Pd.
II. METHODS
The calculations are performed at the density functional theory level, employing the projector augmented wave method as implemented in the VASP package [58] . The Perdew, Burke, and Ernzerhof (PBE) [59] form of the generalized gradient approximation is chosen to describe the exchange-correlation energy. Bi 5d 10 6s 2 6p 3 and Pd 4p 6 4d 9 5s 1 orbitals were included as valence electrons. To properly treat dispersion corrections, we use the non-local vdW density functional optB86b-vdW [60, 61] . Relativistic effects are included in the calculations in terms of the SOI [62] . The energy cutoff of the plane-wave basis-set is 500 eV. The reciprocal space integration is performed over 16×16×16 and 10×10×1 k -point grids in the Brillouin zone (BZ) for bulk and thin films, respectively. The structural parameters of the bulk structure are fully optimized until the Hellmann-Feynman force on each atom is less than 0.01 eV/Å. To model thin films, we use a slab supercell configuration with a 15Å thick vacuum layer in the (001) direction to eliminate the interslab interaction. The free-standing slab models are constructed with the bulk structural parameters optimized with optB86b-vdW.
III. RESULTS

A. Bulk properties
We begin with a review of the properties of bulk β-Bi 2 Pd which crystallizes in the centrosymmetric bodycentered tetragonal (bct) crystal structure with space group I 4/mmm (No.139) as shown in Figs. 1(a)-(b). The Wyckoff positions for the Bi and Pd atoms are 4e(0,0,z Bi ) and 2a(0,0,0), respectively. In the conventional unit cell, the atomic structure can be visualized as a superposition of triple layers (TLs) with a Bi-Pd-Bi sequence at the center of the unit cell along the c-axis. Within each triple layer every Pd atom occupies the center of the cube formed by 8 Bi atoms. The bulk BZ and the BZ projected onto the (001) surface are also shown in Fig. 1(d) .
In Table I , we list our calculated equilibrium structural parameters found with PBE, PBE-vdW, and PBE+SOI, together with the corresponding values from previous theoretical [63] and experimental [64, 65] studies. PBEvdW and PBE+SOI refer to calculations performed with vdW and SOI, respectively. Overall, our relaxed lattice parameters are in good agreement with previous calculations performed with the full-potential augmented plane wave method (FLAPW)-PBE/PBE+SOI [63] . When compared to the experimental values, the in-plane a and out-of-plane c lattice parameters are overestimated by approximately 1.4-1.6% (2.1-2.4%) and 0.9-1.1% (2.0-2.2%) in the case of PBE (PBE+SOI). The inclusion of the vdW dispersion corrections gives a much better agreement with the experimental values and, in this case, the two lattice parameters a and c are overestimated and underestimated by approximately 0.7%, respectively. The importance of the long-range dispersive interactions in predicting ground states and describing the interlayer distance in different classes of materials has long been recognized [66] [67] [68] [69] [70] .
A simple picture of the chemical bonding can be obtained from the analysis of the charge density in the (110) plane of β-Bi 2 Pd. As shown in Fig. 1(c) , the bond strength distribution predicts strong covalent bonding within the triple layer (0.035 e/au 3 at the middle of Bi-Pd bonds) and weak van der Waals interaction between adjacent TLs (0.012 e/au 3 at the middle of Bi-Bi bonds). These values are similar to the ones reported in the three-dimensional (3D) TIs Bi 2 Se 3 , Bi 2 Se 3 and To examine the effect of the vdW and SOI on the electronic structure of bulk β-Bi 2 Pd, we compare in Figs. 2(a)-(d) the band structures obtained with PBE, PBE-vdW, PBE+SOI, and PBE-vdW+SOI [72] . As shown in Fig. 2(a) , the vdW interaction has a limited effect, the bands at the Fermi level remain practically unchanged, while the deeper bands are only slightly pushed down. The picture is completely different when the SOI is included, the band structure undergoes significant changes over the whole BZ [see Fig. 2(b) ]. First, one band at the Γ point is downshifted by 1.46 eV and resides just above the Fermi level. Second, a 0.46 eV gap opens at the band crossings around the Z point approximately 2 eV below the Fermi level [within the gray shaded area in Fig. 2(d) ]. Third, two continuous bulk band gaps are formed across the whole BZ at the Fermi level. These gaps are highlighted in cyan and yellow shades in Fig. 2(d) . Finally, similar to the results without SOI, we find that the reduction in the interlayer spacing due to vdW corrections has only a small effect on the band structure obtained in the presence of SOI [see Fig. 2(c) ].
The inversion symmetry of β-Bi 2 Pd allows one to perform a parity analysis and estimate the Z 2 invariant for the three SOI-induced gaps [32] . By checking the parity at the eight time-reversal invariant momenta (1Γ, 2X, 4N, and 1Z), we find that the middle gap is trivial, while the upper and lower gaps have a non-trivial topological character in agreement with previous calculations [46] . The two topological gaps could harbor gapless surface states and ARPES measurements have indeed revealed that a Dirac-type band dispersion appears in the lower gap, 2.41 eV below the Fermi level [46] . The absence of a gapless surface state in the upper gap in the ARPES spectra is due to its localization above the Fermi level. However, a spin polarization analysis has clearly showed that both topological and trivial surface states cross the Fermi level [46] . The above results demonstrate that while the vdW dispersion corrections are important for obtaining good agreement with the experimental reference values for structural parameters, the SOI is critical for properly describing the appearance of topological electronic states.
B. Thin films properties
We further study the thickness-dependent band structures of β-Bi 2 Pd thin films in order to establish the critical (minimum) thickness at which the topologically protected surface states develop. We consider several thin films made of 1, 3, · · · , 15 TLs. Thin films with an even number of TL are excluded since they break the inversion-symmetry present in the bulk. All these slab models are constructed with the bulk structural parameters optimized with PBE-vdW. To check the effect of the lattice relaxation, we have fully optimized the 3 TLs slab with PBE-vdW. No visible changes were found between the band structures calculated with and without SOI in the case of 3 TLs slabs with optimized and unoptimized lattice parameters. Figure 3 illustrates the evolution of the surface band dispersion as a function of slab thickness along the M-Γ-X direction. When the film thickness is small enough, the interactions between the states localized on the top and bottom surfaces lead to the opening of a gap at the Dirac point (DP). This area is indicated by the green rectangle in Fig. 3 . Here, we label the surface states (SSs) that form the Dirac cone as SS1 and SS2. For 1 TL, a relatively large gap of about 0.70 eV is formed -2.45 eV below the Fermi level at the Γ point between a nearly parabolic band (SS2) and an almost flat band (SS1). For 3 TLs, the upper band moves down by 0.40 eV and the lower band moves up by 0.21 eV, such that the gap is reduced to 0.08 eV. For 5 TLs, the two bands are almost touching each other at an energy level of -2.19 eV and the gap is around 0.01 eV. Once the thickness of the slab reaches 9 TLs, the gap completely disappears and the two bands with nearly linear dispersion cross each other forming a surface Dirac cone (S-DC) [46] . We find that the energy of the DP is E D =2.20 eV, very close to the E D =2.41 eV value extracted from the ARPES data [46] . In Table II , we list the gap values at the DP for all slabs considered. The thickness-dependent behavior of the gap at the DP found here is similar to the behavior observed in typical 3D topological insulators [55] [56] [57] [73] [74] [75] .
Besides the S-DC, an additional topological feature develops in thicker films at the Γ point approximately 2.26 eV above the Fermi level. As shown in Fig. 3 , with increasing thickness more bands emerge and two evolve into a Rashba-like crossing point above 3 TLs. These surface states are labeled as SS3 and SS4 in Fig. 3 . The gap values at the Rashba point (RP), presented in Table II , also support this feature. Our finding is consistent with a previous result reported for a slab of 11 TLs [46] . We also show in Fig. 4 the orbital-resolved band dispersion without and with SOI for 11 TLs. At the DP, both SS1 and SS2 have Pd d z 2 character, while at the RP, both SS3 and SS4 have Bi p x+y character. The SOI-induced crossing at the DP and at the RP can be seen more clearly in Figs. 4(c-f) .
In order to characterize the spatial spread of the SSs (i.e., the penetration depth of the surface-state wave functions into the bulk), we calculate the real space charge distribution of the SSs at the Γ point. In Fig. 5 , we show the charge density integrated over the xy-plane as a function of the z coordinate. For the SS1 and SS2 states, starting from the 7 TL film, the charge density is concentrated mostly inside the top and bottom TLs and the wave functions penetrate only 15Å in depth from the surface. In contrast, the SS3 and SS4 states only become surface states starting from the 11 TLs film and have a much larger penetration depth of about 30Å. Based on both the band structure and the charge density analysis, the critical thickness for emergence of the Dirac-cone SSs is 9 TLs, while that for the Rashba-type SSs is 11 TLs.
To further characterize the distribution of the surface states over atomic layers, we show in Fig. 6 the charge density integrated over the xy-plane for 11 TLs at several k-points in the vicinity of the Γ point [k 1 -k 3 points indicated with blue vertical lines in Fig. 3(d) ]. For the k 1 point closer to Γ, the distribution of the wave functions corresponding to SS1, SS2, and SS3 remains localized to the surface region. On the contrary, the real-space distribution of SS4 displays some weight at the center of slab. Moving away from the Γ point, the surface states penetrate deeper into the slab and the wave functions acquire a bulk-like spatial distribution. Note that the SS3 still has the characteristic of surface state even at k 2 . Using this charge distribution analysis, we determine the states away from the Γ point that retain a charge distribution localized in the surface region. These are shown as red circles in Fig. 3(d) . The localization of the SSs found in our study is similar to the experimental results for α-BiPd [76] and theoretical results for Bi 2 Se 3 [77] .
IV. CONCLUSION
In summary, we have investigated the structural, electronic, and topological properties of the centrosymmetric superconductor β-Bi 2 Pd in the bulk and in thin films using first-principles calculations. We have shown that the structural parameters obtained with the vdW interaction are in very good agreement with experiment, and that the inclusion of SOI is necessary for correctly describing the band structure. In addition, we have uncovered that thicknesses of 9 and 11 TLs are required for the appearance of the Dirac and Rashba surface states, respectively. The penetration depth and the charge distribution of these states have also been discussed. These findings may prove important for further exploration of the superconducting state in β-Bi 2 Pd thin films.
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